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The purpose of this paper is to introduce, for a finite Coxeter group W, the
mod 2 boundary operator on the space of all Coxeter matroids (also known as WP-
matroids) for W and P, where P varies through all the proper standard parabolic
subgroups of W (Theorem 3 of the paper). A remarkably simple interpretation of
Coxeter matroids as certain sets of faces of the generalized permutahedron
associated with the Coxeter group W (Theorem 1) yields a natural definition of the
boundary of a Coxeter matroid. The latter happens to be a union of Coxeter
matroids for maximal standard parabolic subgroups Qi of P (Theorem 2). These
results have very natural interpretations in the case of ordinary matroids and flag-
matroids (Section 3).  1996 Academic Press, Inc.
We freely use the standard terminology and notation related to Coxeter
groups and Coxeter complexes; the books [5, 7, 8] are convenient sources
of reference. General discussion of Coxeter (or WP-) matroids can be
found in [6, 1, 2, 4] and in the forthcoming book [3]. We refer the reader
for the concepts and results of matroid theory used in the present paper to
the book [9].
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1. Coxeter Complexes and Permutahedra
Let V$Rn be the real Euclidian vector space of dimension n. Let 8/V
be the root system for the finite Coxeter group W of rank n. We denote by
e1 , ..., en the system of simple roots. Let s1 , ..., sn be reflections corre-
sponding to the simple roots. Then s1 , ..., sn constitute a system of standard
generators for W. The conjugates of elements s1 , ..., sn in W are called
reflections. Every reflection r # W is a mirror symmetry of V; the hyper-
plane of fixed vectors for r is denoted by Hr and is called a wall. Each wall
Hr is assigned its type, which is a standard generator si for W. Notice that
r is conjugate in W to the type si of Hr .
Next we take in V a sphere S centered at the origin. It is well known
from the theory of Coxeter groups that the hyperplanes Hr for all the
reflections r # W cut S into |W| regions each bounded by n walls of dif-
ferent type and homeomorphic to the (n&1)-dimensional simplex. Those
regions, known in the theory of Coxeter groups as chambers, form a tri-
angulation of S. This triangulation is a geometric realization of the Coxeter
complex C for the Coxeter group W, and it is natural to identify them and
denote both by the same letter C. In particular, W acts simply transitively
on the set of all chambers.
If we now take the set of all vertices of this triangulation and take their
convex hull 1, the resulting convex polyhedron is called Coxeter
polyhedron for W. The central projection of 1 onto S with the center at the
origin O gives the canonical one-to-one correspondence between the faces
of 1 and the simplices in the Coxeter complex C. In particular, all faces of
1 are simplices.
Simplices in C are labeled in the canonical way by subsets of the set
I=[1, 2, ..., n] (see, e.g., Ronan’s book [8]). Moreover, if X is a simplex
of type JI, then its stabilizer in W is a parabolic subgroup conjugate to
the standard parabolic subgroup PJ=(si | i # I"J) .1
We shall say in this situation that the corresponding face of 1 also has
type J. In order to match our terminology with the terminology of the
paper by Gelfand and Serganova [6] we shall say that X has type P, where
P=PJ is the standard parabolic subgroup corresponding to J.
Let us now take the baricenters ;(X) of all the facets (i.e., faces of maxi-
mal dimension) X of 1 and denote their convex hull by 6. The polyhedron
6 is called the canonical generalized permutahedron for the Coxeter
group W.
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1 A word of caution: different standard parabolic subgroups may be conjugate, and for this
reason the latter property cannot be used as the definition of type of a simplex in C. One
needs to use a formal approach to Coxeter complexes as chamber complexes, as given in, say,
Ronan [8].
File: 607J 154703 . By:MC . Date:17:06:96 . Time:14:47 LOP8M. V8.0. Page 01:01
Codes: 2152 Signs: 1606 . Length: 45 pic 0 pts, 190 mm
Now 6 is the dual polyhedron for 1, and, therefore, the faces of dimen-
sion n&k&1, for k=0, 1, 2, ..., n&1, of 1 are in one-to-one corres-
pondence with the faces of dimension k of 6 and this correspondence
preserves adjacency of faces. This correspondence allows us to assign the
types JI to the faces of 6. If X is a facet of 6 then its baricenter ;(X)
and the corresponding vertex in 1 have the same stabilizer in the natural
actions of W on 1 and 6 by isometries of V, and this stabilizer is a
maximal parabolic subgroup in W (hence has one of the types
[1], [2], ..., [n]). Since action of W preserves adjacency of faces on 1 and
6, it follows that the stabilizers of the corresponding faces on 1 and 6
coincide. In particular, if P is the stabilizer of the corresponding faces X of
1 and Y of 6 then the baricenters ;(X) and ;(Y) of X and Y are both
P-invariant and for this reason their point vectors O;(X) and O;(Y) are
collinear.
It can be shown that if x is a point of general position (with respect to
the action by W) in V and 6$ is the convex hull of the W-orbit W } x, then
6$ is combinatorially equivalent to the canonical generalized permuta-
hedron 6; we shall call 6$ a generalized permutahedron.
In Fig. 1, we show a generalized permutahedron 6 for W=Sym4 , which
is the usual permutahedron. We use the standard generators for the
Coxeter group W : s1=(12), s2=(23), s3=(34). The standard parabolic
subgroup P1=(s2 , s3) is the stabilizer of the point 1 and of the set
[2, 3, 4], analogously P2=(s1 , s3) is the stabilizer of the set [1, 2] and of
Fig. 1. Permutahedron for Sym4.
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its complement [3, 4], and P3=(s1 , s2) is the stabilizer of the set [1, 2, 3]
and the point 4. The Coxeter polyhedron 1 in this case is combinatorially
equivalent to the barycentric subdivision of the surface of the regular
tetrahedron 2=A1A2A3A4 , and the group W=Sym4 acts on 2 by per-
mutation of the vertices Ai , i=1, 2, 3, 4. The permutahedron 6 is obtained
in the following way: we choose a point in general position, with respect
to the action of W, on the surface of 2, and take for 6 the convex hull of
its orbit. The resulting solid body can be obtained from 2 by cutting out
the vertices and thin strips along the edges of the tetrahedron.
The types of several facets of 6 are given in the figure. For example, the
stabilizers, in the group W=Sym4 of symmetries of 2, of the hexagonal
facets labelled 1 (which stands for P1) correspond to the stabilizers of 1-sets
in Sym4 , and therefore can be identified with 1-element subsets of
[1, 2, 3, 4]; the rectangular facet labelled 2 and obtained by cutting the
strip along the edge A1A3 corresponds to the subset [1, 3]. One can easily
see that this extends to one-to-one correspondence between non-empty
proper subsets of the set [1, 2, 3, 4] and the set of all facets of 6.
The types of smaller dimensional faces of 6 are just the unions of the
types of the facets containing them.
Returning to general situation, let us denote by 6P the set of all faces of
6 of the given type P. Then 6P is in the canonical one-to-one corres-
pondence with WP. Namely, if the stabilizer WY of a face Y # 6P equals
wPw&1 for some w # W, then we assign to Y the coset wP. Notice that in
exactly the same way the simplex X of 1 is assigned the same coset
wP # WP, which establishes a one-to-one correspondence between the set
1P of faces of the given type P in 1 and the factor set WP.
2. Coxeter Matroids and their Boundaries
Now let P be a standard parabolic subgroup. According to [6, 1], a
Coxeter or WP-matroid is a subset M of WP which satisfies the following
maximality condition: for every w # W there exists a w-maximal element in
M, i.e., an element x # M such that w&1yw&1x for all y # M, where 
denotes the strong Bruhat ordering on the factor set WP.
Abusing language, we shall say that a subset M6P is a Coxeter
matroid on 6 if the canonical map of the set 6P of all faces of type P onto
WP maps M onto a Coxeter matroid on WP.
We want to reinterpret this definition of a Coxeter matroid in terms of
geometrical properties of the generalized permutahedron 6. Let X be a face
of 6 of type P with the stabilizer P. It follows from the previous discussion
that the point vector O;(X) of the baricenter ;(X) is parallel to the vector
$P in the construction of (W, P)-hypersimplexes for Coxeter matroids in
261BOUNDARIES OF COXETER MATROIDS
File: 607J 154705 . By:CV . Date:23:07:96 . Time:11:01 LOP8M. V8.0. Page 01:01
Codes: 3152 Signs: 2490 . Length: 45 pic 0 pts, 190 mm
[6] and we immediately have the following characterization of Coxeter
matroids in terms of the generalized permutahedra.
Theorem 1. Let M6P be a set of faces of the given type P (where P
is a standard parabolic subgroup of W). Then M is a Coxeter matroid if and
only if the set of the baricenters [;(X) | X # M] of the faces in M is the set
of all vertices of a convex polyhedron 2M with the property that all edges
(i.e., faces of dimension 1) of 2M are parallel to roots in 8.
Using the canonical correspondence between 1P , 6P , and WP, we can
now describe adjacency of the faces of 1 and 6 in terms of the factor sets
WP.
If Q is another parabolic subgroup in W then it is known that the sim-
plex vQ of type Q in 1 is a face of the simplex uP of type P if and only
if uPvQ. On 6 we certainly have the reverse inclusion: a face vQ of type
Q of the generalized permutahedron 6 is a face of the face uP of type P
if and only if vQuP. In particular, in this case we also have QP.
Let M be a Coxeter matroid on 6, and assume that faces in M have
dimension k1. Then it is easy to see that the standard parabolic sub-
group P has rank k ; i.e., it is generated by some k of the standard gener-
ators s1 , s2 , ..., sn of the Coxeter group W. We shall say in this situation
that the Coxeter matroid M has Coxeter rank k. Notice that, in the case
of ordinary matroids, Coxeter rank is different from the rank of matroid in
the usual meaning of this word; namely, all matroids on the set E of N
elements have Coxeter rank N&2, N=n+1.
Now we can consider the set M of all faces of dimension k&1 on 6
adjacent to faces in M. It follows from the previous discussion that each of
these faces has one of the types Q1 , ..., Qk , where Qi , i=1, ..., k, are the
maximal standard parabolic subgroups of P. Let us denote by Qi M the set
of all faces in M of type Qi . Note that faces of the same type have no
boundary faces in common
Theorem 2. In this notation, Qi M is a Coxeter matroid for W and Qi .
Proof. The set of all faces of 6 of the given type Qi , i=1, 2, ..., k, consists
of all faces corresponding to the cosets with respect to Qi lying in the union
M = .
wP # M
wP.
But it is known from [6] (see also [1]) that, M being a Coxeter matroid
for W and P, M is Coxeter matroid for W and 1. But it was also proven
in [6] (see also [1, Proposition 1; 4, Lemma 5.15]) that in this case the set
of all cosets with respect to Qi in M forms a Coxeter matroid for W and
Qi . This completes the proof. K
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Slightly abusing notation, we can introduce a free Z2Z module M
generated by all Coxeter matroids for all standard parabolic subgroups P
in W. The module M has the natural grading
M= 
0kn&1
Mk ,
where Mk is the module generated by Coxeter matroids of Coxeter rank k. Set
M= :
k
i=1
Qi M
when rank k of P is at least one, and M=0 if P=1 (i.e., when M is a
W-matroid). Notice that  maps Mk into Mk&1 , k=1, 2, ..., n&1.
Theorem 3. In this notation,
2=0.
That is, the map : M  M is a boundary operator on the graded Z2Z-
module M.
Proof. Proof of this result is trivial. When we compute the boundary of
M for a Coxeter matroid M for W and P, we take all cosets in M with
respect to all maximal standard parabolic subgroups Qi<P. Let s$1 , ..., s$k
be the set of standard generators for P. To obtain Qi we delete the standard
generator s$i from the standard generating set for P. On the next step, when
computing (M), we delete the generator s$j from the standard generating
set for Qi and obtain the parabolic subgroup Qij=(s$1 , ..., s^$i , ..., s^$j , ..., s$k).
It is obvious that every coset with respect to Qij will appear in the sum for
(M) twice: the first time obtained from deleting s$j from the generating set
for Qi and the second time when deleting s$i from the generating set for Qj .
Since we compute modulo 2, the result is 0. K
3. Boundaries of Ordinary Matroids
Let us now interpret Theorem 2 in the standard terminology of matroid
theory. Let W=SymN , the symmetric group on N letters, N=n+1, and
[s1 , s2 , ..., sn] the standard generators of W, si=(i, i+1). Then the maxi-
mal parabolic subgroups are of the form Pk=(s1 , s2 , ..., sk&1 , sk+1 , ..., sn) ,
for all k # I. Then it is easy to see that the cosets comprising WPk are in
one-to-one correspondence with the k-element subsets of E=[1, ..., N]. A
Coxeter matroid for W and Pk corresponds to the collection of bases of a
rank k matroid on E in the usual sense.
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Now consider the standard parabolic subgroup PJ . Since PJ=k # J Pk ,
every coset of PJ is contained in a unique coset of Pk for all k # J. Let M
be a Coxeter matroid for W and PJ , and let Mk denote the set of cosets
of Pk containing cosets of PJ in M. Then by [1, Proposition 1 or 4,
Lemma 5.15] we have that Mk is a Coxeter matroid for W and Pk for each
k # J, and [Mk | k # J] forms a flag of matroids in the sense that if j, k # J,
j<k, then Mj is a strong map image of Mk , both being ordinary matroids
on the same set E. Indeed, each coset in M corresponds to a flag of bases
[Bk | k # J] with the property that BjBk for all j, k # J, j<k.
The maximal parabolic subgroups of PJ are easily seen to be of the form
PJ _ [i] for i # I"J. Let us denote
J _ [i]=[ j1 , j2 , ..., jh , i, jh+1 , ..., jt],
where the elements are listed in increasing order. Then PJ _ [i] M is the flag
of matroids
Mj1 , Mj2 , ..., Mjh , Mi , Mjh+1 , ..., Mjt ,
where the bases of Mi are all subsets Bi of E of cardinality i such that there
exists a flag of bases Bj1 , ..., Bjt of M=Mj1 , ..., Mjt with BhBi Bh+1. It
follows that if i< j1 , then Mi is the truncation of Mj1 to rank i, if i> jt ,
then Mi is the (i& jt) th Higgs lift of Mjt , and otherwise, Mi is the (i& jh) th
Higgs lift of Mjh toward Mjh+1 . See [9, pp. 230237].
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